This study presents an interval-valued intuitionistic fuzzy cross-entropy measure based on the weighted reduction intuitionistic fuzzy sets of intervalvalued intuitionistic fuzzy sets with adjustable weight vectors as an extension of existing fuzzy cross-entropy measures. Then a decision-making method is developed based on the proposed cross-entropy measure with the optimal weight vectors. In decision making, we establish an optimal model based on the maximum standard deviation of the measure values of the alternatives to search for the optimal weight vectors in the adjustable weight vectors. According to the optimal weight vectors, we can obtain the interval-valued intuitionistic fuzzy cross entropy between the ideal alternative and an alternative to rank the alternatives and to determine the best one. Finally, two illustrative examples are employed to show the feasibility of the proposed method in practical applications, and then the comparison of the proposed method with existing relevant methods is given to demonstrate that the proposed method is the further improvement and generalization of the existing relative methods.
INTRODUCTION
based on the weights of alternatives in multicriteria decision-making problems. Ye [10] introduced the Dice similarity measure based on the weighted reduction IFSs of IVIFSs with adjustable weight vectors and established a multicriteria decision-making method with optimism, neutralism, and pessimism by use of the Dice similarity measure based on the weighted reduction IFSs of IVIFSs. Meng et al. [11] developed the arithmetical interval-valued intuitionistic fuzzy generalized l-Shapley Choquet (AIVIFGSC gl ) operator and the geometric interval-valued intuitionistic fuzzy generalized l-Shapley Choquet (GIVIFGSC gl ) operator and applied the two aggregation approaches to multicriteria group decision making under interval-valued intuitionistic fuzzy environment. Meng et al. [12] used the Shapley function to propose an induced generalized interval-valued intuitionistic fuzzy hybrid Shapley averaging (IG-IVIFHSA) operator and established the models for the optimal fuzzy measures on attribute set and ordered set for multi-attribute decision making under interval-valued intuitionistic fuzzy environment. Furthermore, Ye [13] developed a multiple attribute group decision-making method with completely unknown weights of both experts and attributes in intuitionistic fuzzy setting and interval-valued intuitionistic fuzzy setting and used entropy weight models to determine the weights of both experts and attributes from intuitionistic fuzzy decision matrices and interval-valued intuitionistic fuzzy decision matrices, and then the evaluation formulas of weighted correlation coefficients between alternatives and the ideal alternative were introduced to rank alternatives. Also, Ye [14] presented another multiple attribute group decision-making method with completely unknown weights of decision-makers and incompletely known weights of attributes in intuitionistic fuzzy setting and interval-valued intuitionistic fuzzy setting and established two weight models based on the score function to determine the weights of both experts and attributes from the intuitionistic fuzzy decision matrices and the interval-valued intuitionistic fuzzy decision matrices. Ye [15] developed a linear programming method based on an improved score function for interval-valued intuitionistic fuzzy multicriteria decision making. Ye [16] introduced interval-valued intuitionistic fuzzy cosine similarity measures and their application to multiple attribute decision making.
As is known to all, the intuitionistic fuzzy information is a generalization of fuzzy information, and interval-valued intuitionistic fuzzy information is a further generalization of intuitionistic fuzzy information. Compared the IVIFS with the IFS, the membership function and non-membership function in the IVIFS are intervals rather than exact numbers, so its use is more convenient and contains more information. In order to retain more information in decision making, Ye proposed the concept of the weighted reduction IFS of IVIFS [10] , which is able to adjust weight vectors in it for transforming the IVIFS into the weighted reduction IFS. Therefore, the weighted reduction IFS has the advantages of great flexibility, and adjustable capability. However, the issue is that the decision-making method based on the weighted reduction IFSs of IVIFSs [10] only considers the decision-making problem by choosing the three schemes: optimism, neutralism, and pessimism, which are relative to some specified values in the adjustable weight vectors, thus decision makers can only select the three schemes subjectively in the multicriteria decision-making problem rather than the optimal choice in the adjustable weight vectors. Therefore, to improve the decision-making method in [10] , this study develops an interval-valued intuitionistic fuzzy cross-entropy measure based on the reduction IFSs of IVIFSs with adjustable weight vectors as a generalization of the intuitionistic fuzzy cross-entropy measure [17] and interval-valued intuitionistic fuzzy cross-entropy measure [9] , and then establishes a decision making method based on the interval-valued intuitionistic fuzzy cross-entropy measure between the weighted reduction IFSs of IVIFSs with optimal weight vectors. To obtain the optimal weight vectors in the adjustable weight vectors, an optimal model is established based on the maximum standard deviation of the measure values of the alternatives to find out the two optimal weight vectors. According to the optimal weight vectors, we can obtain the intervalvalued intuitionistic fuzzy cross entropy measure between the ideal alternative and an alternative to rank the alternatives and to determine the best one.
The rest of paper is organized as follows. Section 2 introduces some necessary concepts of intuitionistic fuzzy cross-entropy, which were defined by Vlachos and Sergiadis [17] , and the weighted reduction IFS of IVIFS. In Section 3, an interval-valued intuitionistic fuzzy cross-entropy measure between the weighted reduction IFSs of IVIFSs with adjustable weight vectors is proposed as a generalization of intuitionistic fuzzy cross-entropy [17] and interval-valued intuitionistic fuzzy cross-entropy [9] . Section 4 establishes a decision-making method based on the cross-entropy of the weighted reduction IFS of IVIFS with optimal weight vectors and an optimal model based on the maximum standard deviation of the measure values of the alternatives to find out the optimal weight vectors in the adjustable weight vectors. In Section 5, two illustrative examples are used to illustrate the developed approach, and then the comparison of the proposed method with existing relevant methods is given to demonstrate that the proposed method is the further improvement and 
PRELIMINARIES 2.1. Intuitionistic Fuzzy Cross-Entropy
As a generalization of an ordinary Zadeh's fuzzy set [1] , the notion of IFS was introduced for the first time by Atanassov [2] . Definition 1 [2] . An IFS A in the universe of discourse X is given by
The numbers m A (x) and n A (x) represent, respectively, the membership degree and non-membership degree of the element x to the set A. Vlachos and Sergiadis [17] introduced the concepts of intuitionistic fuzzy cross-entropy and symmetric discrimination information measure in the intuitionistic fuzzy setting, which are defined as follows.
Definition 2 [17] . Let A and B be two IFSs in the universe of discourse X = {x 1 , x 2 , …, x n }. Then, intuitionistic fuzzy cross-entropy between A and B is defined as (1) which also indicates the discrimination information measure between A and B. According to [17] Definition 3 [17] . Let A and B be two IFSs in the universe of discourse X = {x 1 , x 2 , …, x n }. Then, a symmetric discrimination information measure between A and B is given by
IFS IFS
where
, where A c and B c are the complements of the IFSs A and B, respectively.
Weighted Reduction IFSs of IVIFSs
The subsection introduces some concepts of the IVIFSs proposed by Atanassov and Gargov [3] and the weighted reduction IFSs of IVIFSs proposed by Ye [10] . Let D[0, 1] be the set of all closed subintervals of the interval [0, 1] and X (≠f) be a given set. Following Atanassov and Gargov [3] , an IVIFS A in X is an expression given by
The intervals m A (x) and n A (x) denote, respectively, the degree of belongingness and the degree of nonbelongingness of the element x to the set A. Thus for each x ∈ X, m A (x) and n A (x) are closed intervals and their lower and upper end points are, respectively, denoted by m AL (x), m AU (x), n AL (x), and n AU (x). We can denote by
For each element x ∈ X we can compute the hesitancy interval relative to A as follows:
. For the IVIFSs A and B in the universe of discourse X, the following relations are defined in [3] :
. Then for an IVIFS A in the universe of discourse X, the concept of the weighted reduction IFS of IVIFS A is introduced as the following definition [10] . 
If a = b = f = j = 0.5, we have the neutral reduction IFS defined by .
INTERVAL-VALUED INTUITIONISTIC FUZZY CROSS-ENTROPY BASED ON THE WEIGHTED REDUCTION IFSS
In this section, an interval-valued intuitionistic fuzzy cross-entropy based on the weighted reduction IFSs of IVIFSs and the concept of symmetric discrimination information measure for IVIFSs are proposed according to the analogous manners proposed by Vlachos and Sergiadis [17] . Let A and B be two IVIFSs in the universe of discourse X = {x 1 , x 2 , …, x n }. The IVIFSs A and B are transformed into the IFSs by computing the reduction IFSs in accordance with the weight values of a, b, f and j adopted by a decision maker. Therefore, by analogy with the definition of intuitionistic fuzzy cross-entropy [17] , an interval-valued intuitionistic fuzzy cross-entropy based on the weighted reduction IFSs of IVIFSs A and B can be defined as
which also indicates a discrimination information measure between A and B. According to Shannon's inequality [17] [18] [19] 
for any x i ∈X, then Eq. (7) reduce to Eq. (1); while when a = b = f = j = 0.5, then Eq. (7) reduce to the fuzzy cross entropy of interval-valued intuitionistic fuzzy sets in [9] . Therefore, the cross entropy measure in [9] and [17] are special cases of the cross entropy measure proposed in this paper. In other words, the interval-valued intuitionistic fuzzy cross-entropy measure based the weighted reduce IFSs is an extension of the cross entropy measures in [9] and [17] .
However, I IVIFS (A, B) is not symmetric, so it should be modified to a symmetric discrimination information measure for the IVIFSs as . 
DECISION-MAKING METHOD BASED ON THE PROPOSED CROSS ENTROPY
In this section, we present a decision making method using the intervalvalued intuitionistic fuzzy cross-entropy measure based on the reduction IFSs of IVIFSs with the optimal weight vectors, and then establish an optimal model based on the maximum standard deviation of the measures of the alternatives to search for the optimal weight vectors in the adjustable weight vectors. Taking the optimal weight vectors in the cross-entropy
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measure, we can obtain the weighted interval-valued intuitionistic fuzzy cross entropy between the ideal alternative and an alternative and rank the alternatives to get the best one. Let A = {A 1 , A 2 , …, A m } be a set of alternatives and C = {C 1 , C 2 , …, C n } be a set of criteria. Assume that the weight of the criterion C j (j = 1, 2, …, n) , entered by the decision-maker, is w j , where w j ∈ [0, 1] and . In this case, the characteristic of the alternative A i is represented by the following IVIFS:
, where , j = 1, 2, …, n, and i = 1, 2, …, m. The IVIFS value that is the pair of intervals for
Here, the interval-valued intuitionistic fuzzy value is usually elicited from the evaluated score to which the alternative A i satisfies the criterion C j by means of a score law and data processing or from appropriate membership functions in practice. Therefore, we can elicit an interval-valued intuitionistic fuzzy decision matrix D = (a ij ) m¥n .
In multicriteria decision-making environment, the concept of ideal point has been used to help the identification of the best alternative in the decision set. Although the ideal alternative does not exist in real world, it does provide a useful theoretical construct to evaluate alternatives [9] . Therefore, we give the ideal alternative A * ={͗C j , [1, 1] ,[0,0]͉͘ C j ∈ C} [9] . Then, by applying Eq. (7) and considering criteria weights, we can obtain the weighted interval-valued intuitionistic fuzzy cross entropy between the ideal alternative A * and an
Then, a symmetric discrimination information measure is as follows:
.
( 1 1 ) The smaller the value of H i (A * , A i ), the better the alternative A i , as the alternative A i is closer to the ideal alternative A * . Therefore, the alternatives can be ranked according to the cross entropy by adjusting the weight values of a, b, f and j or choosing a scheme for optimistic or pessimistic or neutral attitude desired by a decision maker so that the best alternative can be selected.
In the decision-making method with adjusting weight vectors, however, there is a large variety of choosing weight vectors that can be used to obtain the desired choice; hence this handling method has great flexibility and adjustable capability. If the measure values of among all the alternatives have little differences under some weight values, it is shown that such weight values play a small important role in the adjusting process. Contrariwise, if some weight values make the measure values among all the alternatives have obvious differences, such weights play an important role in adjusting process because the obvious differences can enhance the identification of the alternatives and easily rank the alternatives. The difference of the measure values of the alternatives can be measured using standard deviation or mean deviation. In the following, therefore, we propose the standard deviation based on the symmetric discrimination information measure between A * and A i (i = 1, 2, …, m), which can be expressed as follows:
. (12) Based on the aforementioned analysis, we have to choose the adjustable weight vectors P and Q to maximize the standard deviation value of the measures for all the alternatives. To do so, we can construct an optimal model: , 
The optimal model is solved by the optimization toolbox of MATALAB to obtain the optimal weight vectors P* and Q*. Therefore, taking the optimal weight vectors, we can obtain the measure values of the alternatives by Eqs. (9)- (11) and rank the alternatives to get the best one.
ILLUSTRATIVE EXAMPLES AND COMPARATIVE ANALYSIS
In this section, the two examples of multicriteria decision-making problems adopted from [9, 10] are used as the demonstration of the applications of the proposed decision-making method in a realistic scenario. Then, the comparison with existing relevant methods [9, 10, 17] is given to show that the method proposed in this paper is the further improvement and extension of existing relevant methods [9, 10, 17] .
Example 1
We consider the same problem discussed in [10] . Assume that a fund manager in a wealth management firm is assessing four potential investment opportunities, i.e., the set of alternatives is A = {A 1 , A 2 , A 3 , A 4 }. The firm mandates that the fund manager has to evaluate each investment against four criteria: risk (C 1 ), growth (C 2 ), socio-political issues (C 3 ), and environmental impacts (C 4 ), and then the criteria weight vector W = (0.2319, 0.2562, 0.2514, 0.2605) T is given by the decision-maker. In addition, the fund manager is only comfortable with providing his/her assessment of each alternative on each criterion as an interval-valued intuitionistic fuzzy value and the decision matrix [10] reflects the fund manager's belief that alternative A 1 is an excellent investment from a risk perspective (C 1 ) with a margin of 42-48% and A 1 is not an excellent choice given its risk profile (C 1 ) with a chance between 40% and 50%. Then, we utilize the developed approach to obtain the ranking order of the alternatives and the best one among the alternatives.
For the comparative convenience, according to various choosing schemes of optimistic, pessimistic, and neutral attitudes desired by a decision maker [10] , we can obtain the computing results of all the alternatives by applying Eqs. (9)- (12) as shown in Table 1 . Then through the optimal model (13) is solved by the optimization toolbox of MATALAB, the optimal weight vectors P* and Q* can be obtained as follows: P* = (0.9986, 0.0014) and Q* = (0.9966, 0.0034). Hence, taking the optimal weight vectors, we can obtain the measure values of all the alternatives and the standard deviation by Eqs. (9)- (12) as shown in Table 1 . The ranking orders for various methods are shown in Table 2 . Table 2 . Ranking orders of the alternatives for various methods
Method

Ranking order
Therefore, from Table 1 we can see that the proposed method obtains bigger standard deviation among them, and then from Table 2 the alternative A 1 is the best choice in the proposed method, which is the same as the optimistic method [10] . However, the neutral method [10] shows that it is difficult to rank A 1 and A 2 and to know which one is better.
Example 2
We consider the same problem adopted from [9] . The alternative A i (i = 1, 2, …, 5) and the appropriate criterion C j ( j =1, 2, …, 6) and the criterion weight vector W = (0.2, 0.1, 0.25, 0.1, 0.15, 0.2) T are given for the decision-maker, and then the decision matrix D is constructed by using interval-valued intuitionistic fuzzy values tabulated as Table 3 [9] . The decision-maker has to perform the decision process and select the best alternative from these alternatives according to the defined criteria. Then, we utilize the developed approach to obtain the ranking order of the alternatives and the best one. For comparison with different decision-making methods, according to the three selecting schemes of optimistic, pessimistic, and neutral attitudes desired by the decision maker [10] , we can obtain the computing results of all the alternatives by applying Eqs. (9)- (12) Table 3 . Decision matrix D results of Ye's method from [9] as shown in Table 4 . By applying Eq. (13), the optimal weight vectors P* and Q* are obtained by the optimization toolbox of MATALAB as follows: P* = (0.9974, 0.0026) and Q* = (0.9983, 0.0017).
Therefore, according to the optimal weight vectors we can obtain the measure values of the alternatives by Eqs. (9)- (12), which are shown in Table 4 . The ranking orders for the different methods are shown in Table 5 . From Table 4 we can see that the proposed method obtains the maximum standard deviation among them, and then from Table 5 the alternative A 4 is the best choice, which is the same choice in all the methods.
Comparison with Existing Relevant Methods
In [9] , Ye developed a fuzzy cross entropy measure of interval-valued intuitionistic fuzzy sets and its optimal decision-making method based on the weights of alternatives. This method is only the optimal selection of the weights of alternatives, so there is no adjustable weight vector in the cross entropy measure of interval-valued intuitionistic fuzzy sets, whereas the decisionmaking method proposed in this paper utilizes the interval-valued intuitionistic fuzzy cross entropy measure of the reduction IFSs of IVIFSs with the optimal weight vectors, and the optimal weight vectors can be obtained by the optimal model of the maximum standard deviation of the measure values for all the alternatives. Hence, it can enhance the obvious differences and identification of the alternatives and easily rank the alternatives. As mentioned in Section 3, the fuzzy cross entropy measure in [9] is a special case of the proposed fuzzy cross entropy measure in this paper.
As for [10] , Ye proposed a multicriteria decision-making method using the Dice similarity measure based on the weighted reduction IFSs of IVIFSs. However, this method only considers the three selecting schemes of optimistic, pessimistic, and neutral attitudes desired subjectively by the decision maker rather than optimal choice in the adjustable weight vectors, whereas the decision-making method proposed in this paper uses the optimal weight vectors in the proposed cross entropy measure of the weighted reduce IFSs, which are obtained from the optimal model that is the maximum standard deviation of the measure values for all the alternatives. Thus, the proposed method can not only enhance the obvious differences and identification of the alternatives and easily rank the alternatives, but also overcome the disadvantage of the subjective choice in Ye's method [10] and the difficulty of ranking the alternatives in some cases (e.g. neutral method [10] in Example 1).
The measure information used in the cross entropy measure proposed by Vlachos and Sergiadis [17] is IFSs, whereas the measure information used in the cross entropy measure proposed in this paper is IVIFSs. As mentioned above, interval-valued intuitionistic fuzzy information is a further generalization of intuitionistic fuzzy information, and then the membership function and the non-membership function in the IVIFS are intervals rather than exact numbers, so its use is more convenient and contains more information. Furthermore, the cross entropy measure of intuitionistic fuzzy sets in [17] is only a special case of the cross entropy measure of the weighted reduction IFSs in this paper and the decision-making method in [17] lacks adjustable ability. So, the decision-making method proposed in this paper can overcome the weak situations in [17] .
By above comparative analysis, we can see that the method proposed in this paper is the further improvement and extension of the existing relevant methods [9, 10, 17] .
CONCLUSION
This paper proposed an interval-valued intuitionistic fuzzy cross-entropy measure based on the weighted reduction IFSs of IVIFSs with adjustable weight vectors and a decision making method using the proposed cross-entropy with optimal weight vectors. Then the optimal model of the maximum standard difference of the measure values of the alternatives was established to find out the optimal weight vectors in the adjustable weight vectors. According to the optimal weight vectors, we can obtain the measure values of all the alternatives and rank the alternatives to get the best one among all the alternatives. Finally, two illustrative examples demonstrate the application and feasibility of the developed approach. By the comparative analyses, we can see that the method proposed in this paper is the further improvement and generalization of existing relevant methods [9, 10, 17] .
In the future, we shall continue working in the application of the proposed method to other areas such as medical diagnoses and pattern recognitions.
